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Abstract

Correlations between response spectral ordinates at different periods are used in sev-
eral seismic hazard computations, such as for the construction of conditional mean
spectra and conditional spectra. Conventionally, these correlations have been com-
puted and reported only for a damping ratio of 5%; however, structures may have
damping ratios substantially lower or higher than 5%. Therefore, in those cases, one
requires correlations of spectral ordinates at different periods but having the same
damping ratios that are different than 5%, correlations of spectral ordinates at the
same period but having different damping ratios, or the general case of correlation
between spectral ordinates of two oscillators having different damping ratios and dif-
ferent periods. This work computes such damping-dependent correlations by using
the NGA-West2 ground motion database. In general, it is found that correlations
increase as the damping ratio of any of the two spectral ordinates increases and as
the ratio of periods of vibration of the two oscillators departs from one. A nonlinear
regression model is fitted to the resulting damping-dependent correlations to simplify
future computations. Finally, the use of the new damping-dependent correlations is
illustrated by computing example conditional spectra for damping ratios differing
from 5%. The results show that using 5%-damped correlations for the construction
of condition mean spectra, overestimates spectral ordinates for damping ratios lower
than 5% and underestimates spectral ordinates for damping ratios higher than 5%.
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1 INTRODUCTION

In earthquake engineering, ground motion intensity is usually characterized by a 5%-damped linear elastic response spectrum.
Most earthquake-resistant design codes1 and ground motion models (GMMs)2–4 use this intensity measure. However, there are
several cases in which spectral accelerations for damping ratios other than 5% are important. For example, modal damping ratios
of first translational modes of high-rise buildings are significantly lower than 5%5–7, whereas spectral ordinates for damping
ratios higher than 5% are of interest for building with seismic isolation systems and energy dissipation devices1, for many
non-slender low-rise buildings7, and for seismic demand estimations on some higher modes of vibrations of buildings8.
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Although some GMMs have been developed to directly estimate spectral accelerations for damping ratios other than 5%9,10,
most studies have developed models for multiplicative factors that scale 5%-damped spectral accelerations to spectral acceler-
ations for other damping ratios11–13, which are usually referred to as damping modification factors or damping scaling factors.
Most recent models of these damping modification factors depend on the period of vibration12 and in some cases also on some
common predictor variables of GMMs (e.g., earthquake magnitude and source-to-site distance)13. These models can be used to
adjust the logarithmic mean spectral acceleration given by GMMs and in some cases also its logarithmic standard deviation13.
Since spectral accelerations are usually assumed to follow a lognormal probability distribution, these two parameters provide a
complete description of the marginal distribution of spectral accelerations for any value of damping.

However, there are several applications where the joint probability distribution of spectral accelerations at different periods of
vibration is needed, such as for vector-valued probabilistic seismic hazard analysis14, the construction of conditional spectra15 or
conditional mean spectra16, or the simulation of individual realizations of response spectra for a given earthquake scenario15,17.
Since the joint distribution of logarithmic spectral accelerations has been found to be well represented by a multivariate normal
distribution18, the only additional information required to define this distribution is the correlation between logarithmic spectral
accelerations at different periods. Several models have already been developed for these correlations17,19–23; however, to the best
of the authors’ knowledge, no model has been developed for correlations between spectral accelerations of damping ratios other
than 5%.

This work studies the correlations between spectral accelerations of different damping ratios. The correlations are computed
empirically using a large database of ground motion from shallow crustal earthquakes in active tectonic regimes. A nonlinear
regression model is then calibrated using the empirically-computed correlations, which, in addition to having the two periods of
vibration as input used in previous models, it now also depends on the damping ratios of both oscillators for which the spectral
acceleration ordinates are computed. Finally, the estimated correlations are used to construct conditional spectra for an example
earthquake scenario to study the effects of using non-5%-damped correlations.

2 METHODS

2.1 Ground motion database
The correlations of this study were computed using the NGA-West2 ground motions database developed by the Pacific Earth-
quake Engineering Research Center, which consists of recordings from shallow crustal earthquakes in active tectonic regions24.
For comparison purposes, this study uses the same records as those used by Baker and Bradley22, which were defined using the
record selection criteria of Chiou and Youngs4. Moreover, to focus on ground motions of engineering significance, only records
from earthquakes of magnitude greater than or equal to 5 and source-to-site distances shorter than 100 km were considered,
although ground motions recorded at distances longer than 100 km were also used to compute between event residuals. Spectral
accelerations were only computed up to the maximum usable period of each record indicated in the NGA-West2 database.

The distribution of magnitudes and source-to-site distances of the selected ground motions is presented in Figure 1. A total
of 4,234 records were used, with 1,984 of them having source-to-site distances shorter than 100 km. Most records correspond
to earthquakes with reverse and strike-slip focal mechanism, which represent 57.5% and 41.4% of the records, respectively, and
only 1.1% are from earthquakes occurring in normal faults.

2.2 Correlation estimation
Most GMMs assume that spectral accelerations have the following mixed-effects form:

ln𝑆𝑎(𝑇 , 𝜉) = 𝜇ln𝑆𝑎(𝑇 , 𝜉) + 𝛿𝐵(𝑇 , 𝜉) + 𝛿𝑊 (𝑇 , 𝜉) (1)

where ln𝑆𝑎 is the logarithm of the spectral acceleration measured at a given site; 𝜇ln𝑆𝑎 is the logarithmic mean spectral accel-
eration given by a GMM, which depends on several predictive variables, such as earthquake magnitude, source-to-site distance,
and local site conditions. The difference between the measured and predicted logarithmic standard deviation is separated in the
between-event residual 𝛿𝐵 and the within-event residual 𝛿𝑊 , which are both assumed to be normally distributed random vari-
ables with zero mean and standard deviations of 𝜏 and 𝜙, respectively, whose values are also given by the GMM. The sum of
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FIGURE 1 Moment magnitude and Joyner-Boore distance distribution of the ground motion records used in this study. In this
figure, records with distances shorter than 1 km are lumped at 1 km.

the two residuals correspond is the total residual, 𝛿 = 𝛿𝐵 + 𝛿𝑊 , which has a standard deviation of 𝜎ln𝑆𝑎 =
√

𝜏2 + 𝜙2 because
𝛿𝐵 and 𝛿𝑊 are assumed to be independent random variables.

This study uses the GMM developed by Chiou and Youngs4 to compute the logarithmic mean and standard deviations of
Equation (1) for a 5% damping ratio, although three other GMMs2,3,25 were also used to evaluate their effect on the empirically-
computed correlations. These values are then transformed to other damping ratios using the damping scaling factor (𝐷𝑆𝐹 )
developed by Rezaeian et al.13:

𝜇ln𝑆𝑎(𝑇 , 𝜉) = 𝜇ln𝑆𝑎5%(𝑇 ) + 𝜇ln𝐷𝑆𝐹 (𝑇 , 𝜉) (2)

𝜎ln𝑆𝑎(𝑇 , 𝜉) =
√

𝜎2
ln𝑆𝑎5%

(𝑇 ) + 𝜎2
ln𝐷𝑆𝐹 (𝑇 , 𝜉) + 2𝜎ln𝑆𝑎5%(𝑇 )𝜎ln𝐷𝑆𝐹 (𝑇 , 𝜉)𝜌ln𝑆𝑎5%,ln𝐷𝑆𝐹 (𝑇 , 𝜉) (3)

where 𝜇ln𝑆𝑎(𝑇 , 𝜉) and 𝜎ln𝑆𝑎(𝑇 , 𝜉) are, respectively, the mean and standard deviation of the logarithm of spectral acceleration
for an arbitrary damping ratio 𝜉; 𝜇ln𝑆𝑎5%(𝑇 ) and 𝜎ln𝑆𝑎5%(𝑇 ) are, respectively, the mean and standard deviation of the logarithm
of the 5%-damped spectral acceleration, which is given by the GMM; 𝜇ln𝐷𝑆𝐹 (𝑇 , 𝜉) is the logarithmic mean 𝐷𝑆𝐹 used to
transform from a damping ratio of 5% to 𝜉, which also corresponds to the median 𝐷𝑆𝐹 because its distribution is assumed to
be lognormal13; 𝜎ln𝑆𝑎5%(𝑇 , 𝜉) is the logarithmic standard deviation of 𝐷𝑆𝐹 ; and 𝜌ln𝑆𝑎5%,ln𝐷𝑆𝐹 (𝑇 , 𝜉) is the correlation between
the logarithm of the 5%-damped spectral acceleration and the logarithm of 𝐷𝑆𝐹 for a damping ratio of 𝜉, which was obtained
from Rezaeian et al.26.

The model developed by Rezaeian et al.13 only modifies the standard deviation of the total residuals; thus, the modification
of the standard deviations of between-event and within-event residuals were assumed to be proportional to the modification of
the standard deviation of total residuals:

𝜏(𝑇 , 𝜉) = 𝜏5%(𝑇 )
𝜎ln𝑆𝑎(𝑇 , 𝜉)
𝜎ln𝑆𝑎5%(𝑇 )

(4)

𝜙(𝑇 , 𝜉) = 𝜙5%(𝑇 )
𝜎ln𝑆𝑎(𝑇 , 𝜉)
𝜎ln𝑆𝑎5%(𝑇 )

(5)
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where 𝜏5%(𝑇 ) and 𝜙5%(𝑇 ) are the standard deviations of 5%-damped between-event and within-event residuals, respectively.
Once the logarithmic means and standard deviations are computed, the between-event residual of each earthquake can be

computed using a maximum likelihood estimate given by:

𝛿𝐵(𝑇 , 𝜉) =

𝑛
∑

𝑖=1

𝛿𝑖(𝑇 , 𝜉)
𝜙2
𝑖 (𝑇 , 𝜉)

1
𝜏2(𝑇 , 𝜉)

+
𝑛
∑

𝑖=1

1
𝜙2
𝑖 (𝑇 , 𝜉)

(6)

where 𝑛 is the number of recordings of the earthquake; 𝛿𝑖 is the total residual for the 𝑖-th recording of the earthquake, which
can be computed using Equation (1); 𝜙𝑖 is the standard deviation of the within-event residual for the 𝑖-th recording of the
earthquake; and 𝜏 is the standard deviation of the between-event residual. This is a slight modification of the method proposed
by Abrahamson and Youngs27, which accounts for the variation between sites of the within-event standard deviation within the
same earthquake. The within-event residuals of the earthquake, 𝛿𝑊𝑖, are then computed as:

𝛿𝑊𝑖(𝑇 , 𝜉) = 𝛿𝑖(𝑇 , 𝜉) − 𝛿𝐵(𝑇 , 𝜉) (7)

This paper studies the general case of correlation coefficient between total residuals of logarithmic spectral acceleration (𝛿)
of two oscillators having different damping ratios and different periods, which can be computed by combining the correlations
for between-event and within-event residuals. The correlation between residuals for period and damping ratio pairs of (𝑇1, 𝜉1)
and (𝑇2, 𝜉2) is:

𝜌(𝑇1, 𝜉1, 𝑇2, 𝜉2) =
𝜏(𝑇1, 𝜉1)𝜏(𝑇2, 𝜉2)𝜌𝐵(𝑇1, 𝜉1, 𝑇2, 𝜉2) + 𝜙(𝑇1, 𝜉1)𝜙(𝑇2, 𝜉2)𝜌𝑊 (𝑇1, 𝜉1, 𝑇2, 𝜉2)

𝜎ln𝑆𝑎(𝑇1, 𝜉1)𝜎ln𝑆𝑎(𝑇2, 𝜉2)
(8)

where 𝜌𝐵(𝑇1, 𝜉1, 𝑇2, 𝜉2) is the correlation coefficient of the between-event residuals, and 𝜌𝑊 (𝑇1, 𝜉1, 𝑇2, 𝜉2) is the correlation
coefficient of the within-event residuals. These two correlations are computed as the Pearson correlation coefficient for between-
event and within-event residuals, respectively. Correlation coefficients were computed using the previously described method
for all possible combinations of periods and damping ratios of the NGA-West2 flatfiles, which consist of 105 periods between
0.01 s and 10 s and 11 damping ratios with the following values: 0.5%, 1%, 2%, 3%, 5%, 7%, 10%, 15%, 20%, 25%, and 30%.
Records with a maximum usable period lower than max{𝑇1, 𝑇2} were not used to compute correlations, which led to the set
of records used being period-dependent. The case where the two periods are different, but both have a 5% damping ratio as
considered in previous models, or cases where the periods of the two oscillators are different but both have the same damping
ratio which is different than 5%, or where the period is the same in both oscillators but their damping ratios are different are all
particular cases of the generalized correlations previously described.

2.3 Nonlinear regression model
To simplify the use of the empirically-computed correlations, such as for constructing conditional spectra or for simulating
individual realizations of response spectral ordinates corresponding to specific modal periods and specific modal damping ratios,
a nonlinear regression model was fitted to the difference between the computed correlations and the 5%-damped correlations.
The correlation between total residuals for different periods and damping ratios can be rewritten as:

𝜌(𝑇1, 𝜉1, 𝑇2, 𝜉2) = 𝜌5%(𝑇1, 𝑇2) + Δ(𝑇1, 𝜉1, 𝑇2, 𝜉2) (9)

where 𝜌5%(𝑇1, 𝑇2) is the correlation of residuals of spectral accelerations of two 5%-damped oscillators having periods of vibra-
tion 𝑇1 and 𝑇2, and Δ(𝑇1, 𝜉1, 𝑇2, 𝜉2) is the difference between the correlations for the general case of residuals of spectral
accelerations of two oscillators that have different damping ratios and those when both have a damping ratio of 5%. A nonlinear
regression was conducted by considering the following functional form for this difference in correlations:

Δ(𝑇1, 𝜉1, 𝑇2, 𝜉2) = 𝐴(𝑇1, 𝑇2) 𝑥21 + 𝐴(𝑇2, 𝑇1) 𝑥22 + 𝐵(𝑇1, 𝑇2) 𝑥1 + 𝐵(𝑇2, 𝑇1) 𝑥2 + 𝐶(𝑇1, 𝑇2) 𝑥1𝑥2 (10)
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where 𝐴, 𝐵, and 𝐶 are regression coefficients that depend on the periods of vibration of the two oscillators for which the spectral
accelerations are being computed; and 𝑥1 and 𝑥2 depend on the corresponding damping ratios of the two oscillators:

𝑥1 = ln(𝜉1∕0.05) (11)
𝑥2 = ln(𝜉2∕0.05) (12)

Note that this functional form already satisfies the condition that when both oscillators have a damping ratio of 5%, no
modification is made to the 5%-damped correlations, that is:

𝜌(𝑇1, 0.05, 𝑇2, 0.05) = 𝜌5%(𝑇1, 𝑇2) (13)

Moreover, the symmetry of correlation coefficients leads to 𝐶 being a symmetric function:

𝜌(𝑇1, 𝜉1, 𝑇2, 𝜉2) = 𝜌(𝑇2, 𝜉2, 𝑇1, 𝜉1) ⇐⇒ 𝐶(𝑇1, 𝑇2) = 𝐶(𝑇2, 𝑇1) (14)

Thus, the matrix of regression coefficients with values of 𝐶 must be symmetric. Furthermore, correlations between the same
period and damping pair must be equal to one, which leads to additional constraints on the diagonal of the matrices of regression
coefficients:

𝜌(𝑇 , 𝜉, 𝑇 , 𝜉) = 1 ⇐⇒ 𝐵(𝑇 , 𝑇 ) = 0 ∧ 𝐶(𝑇 , 𝑇 ) = −2𝐴(𝑇 , 𝑇 ) (15)

The coefficients of Equation (10) were obtained by conducting a nonlinear regression analysis for each period combination
using the Levenberg–Marquardt algorithm28.

3 RESULTS

3.1 Correlations for 5% damping
The empirically-computed correlations for 5%-damped spectral accelerations are shown in Figure 2 for the particular case in
which one of the periods (𝑇2) is fixed at 0.1 and when fixed at 2 s and the other period (𝑇1) is varied. The figure compares
the correlations computed in this study with those computed in four previous works: (1) the correlations computed by Baker
and Jayaram20 (not their predictive equations) using the GMM developed by Chiou and Youngs29 and the NGA ground motion
database; (2) the correlations from the electronic supplement of Abrahamson et al.25 based on that GMM and the NGA-West2
database; (3) the correlations computed by Akkar et al.21 using European ground motions; and (4) the correlations computed by
Baker and Bradley22 using the NGA-West2 database. In general, the correlations computed in this study are similar to those of
previous works, especially to the correlations computed by Baker and Jayaram20, which are usually within the 95% confidence
bands of the computed correlations. The most significant difference is found when comparing with the correlations computed
by Akkar et al.,21 which may be attributed to its use of a completely different ground motion database. It should be noted that
some differences also exist with the correlations computed by Baker and Bradley22, even though they used the same ground
motion records and the same method to compute correlations as the one that is used in this work. We were initially surprised
by these differences, however, after studying their Matlab source code30, we concluded that the difference occurs due to an
incorrect set of values used for the 𝑍1.0 variable that is required in the Chiou and Youngs GMM4, which corresponds to the
depth to the shear-wave velocity horizon of 1 km/s. Their updated code30 now produces almost identical correlation values to
the ones computed in this study, and hence match the black lines of Figure 2 almost perfectly.

The impact of two modeling choices required to compute these correlations between two spectral ordinates was also studied
when using 5%-damped correlations: (a) the use of a specific GMM to compute the residual and standard deviations of Equation
(1), and (b) the set of ground motion records used. Figure 3a illustrates the effect of the selected GMM by comparing the
correlations obtained using the ground motion set described in Section 2.1 in combination with the GMM developed by Chiou
and Youngs4 with those computed using the same set of ground motions but now using GMMs developed by Boore et al.2, by
Campbell and Bozorgnia3, and by Abrahamson et al.25 As shown in this figure, the GMM used for computing the residuals has
a negligible effects when periods 𝑇1 and 𝑇2 are close to each other and a moderate effect when these two periods differ more
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FIGURE 2 Correlations of 5%-damped spectral accelerations when the period of one of the oscillators is fixed at 𝑇2 = 0.1 s or
𝑇2 = 2 s and the other period 𝑇1 is varied between 0.01 and 10 s, compared with the correlations from previous works. Shaded
areas correspond to 95% pointwise confidence bands of the computed correlations.

from each other, with the maximum difference in the correlations shown in Figure 3a being approximately 0.13, which occurs
for 𝑇1 = 10 s and 𝑇2 = 0.5 s. Thus, using different GMM does not necessarily yield nearly identical correlations as previously
reported17, although it may be reasonable to neglect the dependence on the GMM for most applications given that correlations
are usually less important than means and standard deviations of spectral accelerations.

Figure 3b compares correlations computed with three different sets of ground motion records, each of which corresponds to
the set that was used to develop the associated GMMs2–4 that are within the magnitude and source-to-site distance constraints
considered in this study (i.e., magnitudes greater than 5 and distances shorter than 100 km). The correlations shown in this
figure using the three different sets of ground motion records were computed using the same GMM developed by Chiou and
Youngs4. The differences between the different ground motion sets are also negligible when periods 𝑇1 and 𝑇2 are close to each
other and moderate as they become farther apart but in general the effect of the ground motion set is smaller than the differences
that occur when using the same ground motion set but different GMMs. It is important to note that, although the three different
sets of ground motion records considered in this analysis are different from each other, they are all subsets of the NGA-West2
database. For example, approximately 69% of the records used by Chiou and Young4 with magnitude greater than or equal to
5 and source-to-site distance shorter than 100 km were also used by the other two GMMs2,3. Ground motion sets that originate
from different databases could lead to differences that are more significant than those presented in Figure 3b.

3.2 Correlations for the same damping ratios
Figure 4 presents the correlations of spectral ordinates resulting for cases in which both oscillators have the same damping
ratios (i.e., 𝜉1 = 𝜉2), which, for the correlations shown in this figure, are set to 1%, 5%, and 20%. As shown in this figure, for
any pair of periods that are different from each other (𝑇1, 𝑇2), regardless of how close or distant are the periods, the resulting
correlations increase as the damping ratio increases. Moreover, the difference in correlations increase very rapidly as soon as
the periods 𝑇1 and 𝑇2 start to depart from each other, hence making the differences in correlation significant even when the two
periods are still fairly similar to each other. Figure 4 also presents 95% confidence pointwise confidence bands for the computed
correlations, which originate because, despite having used a ground motion set of almost two thousand records, the effect of the
sample size becomes clearly noticeable as the level of correlation decreases which leads not only to wider confidence bands but
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FIGURE 3 Correlations of 5%-damped spectral accelerations computed using (a) different GMMs and (b) different sets of
ground motion records. One of the periods is fixed at 𝑇2 = 0.1 s, 𝑇2 = 0.5 s, and 𝑇2 = 2 s.

also less smooth correlation estimates. Moreover, the number of usable records decreases as the period of vibration increases,
which starts to become noticeable for periods longer than approximately 2 s.
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FIGURE 4 Correlations of spectral acceleration ordinates for cases in which the two oscillators have the same damping ratio
and one of the periods is fixed at 𝑇2 = 0.1 s or 𝑇2 = 2 s. Shaded areas represent 95% pointwise confidence bands of the computed
correlations.
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The difference between correlations of spectral ordinates for all damping ratios and the correlations of spectral ordinates
computed with 5% damping is presented in Figure 5 for the case when one period is fixed at 𝑇2 = 1 s and 𝑇1 is varied between
0.01 and 10 s. As expected, the correlations increase with increasing damping ratio throughout the range of damping ratios and
for every period 𝑇1. The differences in correlation are significant, with the correlation for 30% and 0.5% differing by a maximum
of approximately 0.4 when 𝑇1 = 0.085 s. In general, the differences in correlation increase as the periods separate from each
other, although when 𝑇1 becomes smaller than roughly 0.08 s, the differences start to diminish because the correlations start to
increase.
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FIGURE 5 Differences between correlations of different damping ratios and the 5%-damped correlations when one of the
periods is fixed at 𝑇2 = 1 s.

3.3 Correlations for different damping ratios
The general case consists of the correlation of spectral accelerations of oscillators having both different periods and different
damping ratios. The surfaces of Figure 6 show the correlation of response spectral ordinates as a function of the damping ratio
of the oscillators for the particular cases when the first period is 𝑇1 = 1 s and the second period has values of 0.1, 0.3, 1, and 3
s. The case in which both oscillators have a damping ratio of 5%, which is the only case studied in previous works, corresponds
to only a single point on each of these surfaces, represented by black circles in Figure 6. When the periods depart from each
other, the correlations generally increase if any of the two damping ratios increase, which is similar to the trend found for the
correlation between response spectral accelerations of both oscillators having the same damping ratio (Figure 4). However, when
both periods are the same (Figure 6c), the correlations decrease as the two damping ratios become more distant from each other,
regardless of whether the damping ratios of the oscillators increase or decrease.

Correlations between the peak ground velocity (PGV) and spectral accelerations of different periods and various levels of
damping ratios were also computed and are shown in Figure 7. Similar to the correlations between two spectral acceleration
ordinates, the correlations between PGV and spectral acceleration ordinates also increase as the damping ratio increases. For
example, the correlation between PGV and the spectral acceleration at 0.1 s ranges from approximately 0.29 to 0.58 for damping
ratios of 0.5% and 30%, respectively. These values are approximately 29% lower and 41% higher than the correlations between
PGV and the 5%-damped spectral acceleration at 0.1 s.
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FIGURE 6 Correlations between response spectral ordinates at 𝑇1 = 1 s and the response spectral ordinates at: (a) 𝑇2 = 0.1 s,
(b) 𝑇2 = 0.3 s, (c) 𝑇2 = 1 s, and (d) 𝑇2 = 3 s, as a function of the damping ratios in the two oscillators. The black point on each
surface corresponds to the case when both oscillators have 5% damping.

3.4 Regression model
The regression model of Equation (10) was fitted for all pairs of periods (𝑇1, 𝑇2) and the resulting coefficients were stored in
matrices 𝐴, 𝐵, and 𝐶 ∈ ℝ105𝑥105. Computing correlations using the regression model also requires the 5%-damped correlations
of Equation (9). Tables for 𝜌5%, 𝐴, 𝐵, and 𝐶 are presented in the supporting information to this article.

The differences between the correlations computed directly from the data and the correlations from the regression model are
presented in Figure 8. Figure 8a presents the correlations between spectral ordinates of oscillators having the same damping
ratio, which is set at 1%, 5%, and 20%. Figure 8b shows the correlations between spectral ordinates for the cases in which one
of the oscillators has a fixed damping ratio of 𝜉2 = 1% and a fixed period of 𝑇2 = 0.1 s or 𝑇2 = 2 s, whereas the period of
vibration of the other oscillator is varied between 𝑇1 = 0.01 and 𝑇1 = 10 s and its damping ratios is set to 𝜉1 = 1%, 𝜉1 = 5%, and
𝜉1 = 20%. The differences between computed correlations and the regression model are negligible, and in most cases, the dashed
lines representing the regression model cannot be distinguished from the solid lines representing the correlations obtained from
the spectral accelerations computed using the set of ground motion records.
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FIGURE 7 Correlations between PGV and spectral acceleration ordinates at different periods and different damping ratios. The
thick black line corresponds to cases with 5% damping.
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4 IMPLICATIONS FOR CONDITIONAL SPECTRA

One common application of correlation models of spectral acceleration ordinates is the construction of conditional spectra, which
provides a probabilistic description of the response spectra conditioned on the occurrence of given spectral acceleration at a
period of interest.16 The conditional logarithmic spectral acceleration at every period is assumed to follow a normal distribution
with the following mean and standard deviation:

𝜇ln𝑆𝑎(𝑇 )∣ln𝑆𝑎(𝑇 ∗)(𝜉) = 𝜇ln𝑆𝑎(𝑇 , 𝜉) + 𝜌(𝑇 , 𝜉, 𝑇 ∗, 𝜉)𝜀(𝑇 ∗)𝜎ln𝑆𝑎(𝑇 , 𝜉) (16)

𝜎ln𝑆𝑎(𝑇 )∣ln𝑆𝑎(𝑇 ∗)(𝜉) = 𝜎ln𝑆𝑎(𝑇 , 𝜉)
√

1 − 𝜌2(𝑇 , 𝜉, 𝑇 ∗, 𝜉) (17)

where 𝜀(𝑇 ∗) is the number of standard deviations by which the ln𝑆𝑎(𝑇 ∗) used for conditioning differs from the mean value
predicted by a GMM. The computation of conditional spectra requires a GMM to estimate the logarithmic mean and standard
deviation of spectral accelerations at all other periods (i.e., 𝜇ln𝑆𝑎 and 𝜎ln𝑆𝑎, respectively), and a correlation model for spectral
accelerations at different periods. To construct conditional spectra for damping ratios other than 5%, we can start with a GMM
for 5%-damped spectral accelerations and compute the logarithmic mean and standard deviation with Equations (2) and (3) using
a model for damping scaling. Then, the correlations between non-5%-damped spectral accelerations can be obtained from the
results of this study. In the absence of these correlations, one option could be to use the correlations for the 5%-damped case:

�̃�ln𝑆𝑎(𝑇 )∣ln𝑆𝑎(𝑇 ∗)(𝜉) = 𝜇ln𝑆𝑎(𝑇 , 𝜉) + 𝜌5%(𝑇 , 𝑇 ∗)𝜀(𝑇 ∗)𝜎ln𝑆𝑎(𝑇 , 𝜉) (18)

�̃�ln𝑆𝑎(𝑇 )∣ln𝑆𝑎(𝑇 ∗)(𝜉) = 𝜎ln𝑆𝑎(𝑇 , 𝜉)
√

1 − 𝜌5%(𝑇 , 𝑇 ∗) (19)

The implications of this simplifying assumption are illustrated in Figure 9 for response spectra of 1% and 30% damping using an
example earthquake scenario. The example earthquake originates from a strike-slip fault and has a magnitude of 7, the Joyner-
Boore and rupture distances are both 15 km, and the site has an average shear wave velocity in the top 30 m of soil of 700 m/s.
Moreover, the conditioning period is 0.4 s and the conditioning spectral accelerations at this period satisfy 𝜀(𝑇 ∗) = 1 for both
damping ratios. The computations used the GMM developed by Boore et al.2 and the damping scaling factor model developed
by Rezaeian et al.13 For the 1% damping case, using the 5%-damped correlations overestimates the conditional mean spectrum
(CMS) and underestimates the conditional standard deviation, whereas for the 30% damping case the CMS is underestimated
and the conditional standard deviation is overestimated. The accuracy of using the 5%-damped correlations to estimate the CMS
depends on the period of vibration, with the maximum differences in response spectral ordinates being approximately 10.0% for
the 1%-damped CMS and 11.9% for the 30%-damped CMS, and occur at periods of approximately 0.07 to 0.1 s, respectively.
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FIGURE 9 Conditional spectra for a conditioning period of 0.4 s and damping ratios of (a) 𝜉 = 1% and (b) 𝜉 = 30%.
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The same conditional spectra shown in Figure 9 were computed for all other damping ratios considered in this study using
the same two options of correlation (i.e., 5%-damped correlations and the correlations of this study). The implications of using
a 5%-damped correlation for all damping ratios are summarized in Figure 10 in terms of ratios of the conditional median
spectral ordinates and ratios of the conditional logarithmic standard deviation. The results of Figure 10a show that the trends
observed in Figure 9 can be extended to the rest of the damping ratios, i.e. using the 5%-damped correlations instead of the true
correlation overestimates the conditional median spectral ordinates for damping ratios lower than 5%, and underestimates it for
damping ratios higher than 5%. Conversely, Figure 10b shows that using 5%-damped correlations underestimates the conditional
logarithmic standard deviation for damping ratios lower than 5% and overestimates it for damping ratios higher than 5%. Note
that in the case of the ratios between the logarithmic standard deviations, the ratios are not shown for the conditioning period as
they are indeterminate because the denominator is zero given that, by definition, there is no variability of the conditional spectra
at the conditioning period.
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FIGURE 10 Ratios of (a) conditional median spectral ordinates and (b) conditional logarithmic standard deviations between the
cases that consider 5%-damped correlations and the true correlations for the case in which the conditioning period is 𝑇 ∗ = 0.4 s.

5 CONCLUSIONS

This study evaluates the effect of damping ratio on the correlation between spectral acceleration ordinates at different periods
using recorded ground motions. The resulting correlations of 5%-damped spectral acceleration ordinates computed in this study
are similar to those computed in previous studies. However, the use of different damping ratios changes the correlations sig-
nificantly. If the two periods for which the spectral accelerations are computed have the same damping ratio, their correlation
becomes stronger as the damping ratio increases. For example, the correlation between spectral acceleration ordinates at 0.1 s
and 1 s, which is approximately 0.23 for a damping ratio of 5%, is approximately 0.11 and 0.47 for damping ratios of 1% and
30%, respectively. This trend is similar to what occurs to the cross-correlations of oscillator responses, where increasing damp-
ing ratio also leads to stronger cross-correlation if the input ground motion is assumed to be a filtered white noise process31,32.
When the two oscillators have different damping ratios, their correlations usually increase if any of the two damping ratios
increase, provided that both periods are sufficiently separated from each other.

A nonlinear regression model was calibrated by using the correlations obtained from spectral accelerations computed from
the ground motion records. The inputs of this model are the periods and damping ratios of the two oscillators for which the
spectral accelerations are being estimated, and it is a generalization of previous models that only depend on the periods. The
proposed regression model gives correlations that are almost identical to those computed with the ground motion records.
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Several modeling decisions and assumptions must be made to compute correlations between spectral accelerations, such as
the criteria to select ground motion records, the GMM, and the model used to modify spectral accelerations by damping (e.g.,
damping scaling factors). The effect of the GMM on the correlations was studied by using four different models, which resulted
in different correlations, although, for most practical applications, it may be reasonable to neglect this dependence. The record
selection criteria were studied by using three different sets of records from the NGA-West2 database combined with using a
single GMM and shows a small effect on the resulting correlations. The differences are expected to be larger if the ground
motions are obtained from different databases, especially if the ground motion records correspond to different tectonic regimes.

The damping-dependent correlation presented in this work can be useful for several applications, especially when damping
ratios other than 5% are of interest, such as for high-rise buildings and structures with seismic isolation or energy dissipation
devices. To illustrate its use, conditional spectra for various damping ratios were computed for an example earthquake scenario.
The results were compared to the conditional spectra that would result if the 5%-damped correlations were used. For damping
ratios lower than 5%, this assumption results in overestimating the conditional mean spectrum and underestimating the con-
ditional standard deviation. Conversely, the assumption underestimates the conditional mean spectrum and overestimates the
conditional standard deviation for damping ratios higher than 5%. These differences in the conditional spectra could lead, for
example, to changes in the sets of ground motion records selected to perform dynamic analyses, which would affect structural
response. The extent of these effects could be studied by future works.
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